Abstract . In this paper, authors use a fi nite element model based on higher-order displacement plate theory for analysis of stiffened laminated composite plates. Transverse shear deformation is included in the formu lation making the model applicable for both moderately t hick and t hi n composite plates. The plate element used is a nine-noded isoparametr ic one with nine degrees of freedom at each node. The stiffness of stiffener is reflected at a ll nine nodes of plate element in which it is placed. Accord ingly, the stiffeners can be positioned anywhere within the place element. Free vibration and defl ection of stiffened laminated composite plates are carried out, and results are compared with existing analytical and other solutions.
INTR ODUCTION
Stiffened laminated composite plates are widely used in many industrial structures such as aerospace structures, road bridges, ship hull, etc. due to their high strength to weight ratios.
In order to analyse stiffened laminated composite plates, some authors used finite difference method [1] , Rayleigh-Ritz method and finite element method. In [2] , Ahmadian M. T. and Zangeneh M. S. used the combination of plate super elements and beam super elements, the plate and beam elements having 55 and 18 degrees of freedom respectively. Olson and Hazell [3] have presented results from a theoretical and experimental comparison study on the vibration characteristics of all clamped and eccentrically stiffened isotropic plates. They used a triangular finite element in the calculations. Koli [4] developed a 9-noded rectangular plate element and 3-noded beam element; the beams are placed along the plate nodal lines. Biswal and Ghosh [5] used 4-noded rectangular elements with seven degrees of freedom at each node for analysis of stiffened plates. Gangadhara Prusty [6] studied linear static analysis of composite hat-stiffened laminated shells using 8-noded rectangular plate element and 3-noded beam element. In [11] , a model based on third-order displacement theory had been studied to carry out some problems such as free vibration and deflection but the beam element hadn't been placed along the plate nodal lines and it makes difficult in meshing.
This paper presents the development of a stiffened composite plate element model using a nine-noded plate element and a beam whose displacements have been interpolated by the displacements of plate element. The model is based on a higher-order displacement theory which eliminates the need to use shear correction coefficients and make the model applicable for both thick and thin stiffened composite plates. The stiffeners can be positioned anywhere within the plate element. Free vibration and deflection of stiffened laminated plates are carried out , and results are compared with existing analytical and other solutions.
FINITE ELEMENT FORMULATION
The geometry of the problem is similar to that shown in Fig. l. A stiffened plate is composed of a plate element and a number of stiffener elements placed in the plate element. Both plate and stiffeners are made up of laminated composites. 
Displacement field
The ass umed displacement field at time t (Fig. 1) for the numerical finite element model is a third-order expansion in the thickness coordinate for the in-plane displacements and a constant transverse displacement .
Plate:
This displacement field can be represented in matrix form as: 
Wxs (x, z, t) = Woxs (x, t)
The x-axis is taken a long the stiffener center line and the z-axis is its upward normal. The x-directional stiffener is the basic stiffener; other directional stiffener will be obtained by rotating x-directional stiffener about z-axis by a angles. In special case, y-directional stiffener will be obtained by rotating x-directional stiffener about z -axis by 90°.
Stress-strain relation in an orthotropic lamina
The stress-strain relations of a laminate of n layers are defined based on the stressstrain relations in each layer. The constitutive equations , in terms of materia l axes, for kth orthotropic layer, assuming a state of plane stress and a linear elastic material, are written as where 0"1, 0"2, Ti2 , Ti 3, T2 3 are the normal and shearing stresses components, c1, c:2, /'12, /'13, /'23 are the normal and distortion strains, and Qk is the elasticity matrix, whose non-zeros elements are given by
where E1 and E2 are the Young's modulis , referred to 1 and 2 materi al axes, respectively, G12, G13, G23 are the transverse shear modulis in plane 1-2 , 1-3 , 2-3, respectively, and v 1 2 is major Poisson's ratio, related to V21 through Eiv12 = E2v21.
The stress-strain relations referred to the reference axes of the laminate ( x, y, z), for the orthotropic layer whose fibers are orientated of and angle Cl'.£ to the x axis, are given by
where the elements of matrix Qk are given in [10] . The kinematics relations for linear elasticity the strain € associated with displacement field in (1) 
Integrating the stresses through the laminate thickness, one obt ains the resultant forces and moments acting on the lamina (7) So , we obtain the equation 
where Hj = ( z~+ l -z~) / h with i, j=l , 2, 3 and l , m =4, 5; h= l, 2, 3, 4, 5, 6, 7. n is number of layers .
Similarly in the local axis of stiffener we obtain: 
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Finite element formulation
Using 9 noded isoparametric fin ite element with 9 degrees of freedom per node, the continuum displacement vector within t he element can be expressed in terms of nodal displacements 9 q = L Ni(~, rt) qi where qi = { UQi VQi WQi exi evi Uoi * VOi e;i e;i } , (10) i= l N i (C rt) are the shape funct ions which were given in [11]; ~'rt are t he natural co-ordinates. 9 The generalized strain vector at any point, is given by Ek = L Biqi , where 
3N;
The shape function of stiffener can be obtained by substituting ~ = R, rt = S into the shape function of plate element (Fig. 2) . 
Virtual work
Using t he principle of virtual work, the equilibrium equations can be expressed as 
Substituting Eqs. (3), (5), (6), (7) into (14) where Ii= LL zipzdz,
[Me] = j j [Nf [m] [NJ det [J] d~dry.
External load vector, evaluated at z = ±h/2
d~dry.
We obtain the system of equations as following:
[M] {<i} + [K] {q} = {F} . 
In order to validate the proposed model , we consider the same example studied by Satish Kumar Y .V. and JAadhujit Mukhopadhyay [7] . In this example, the natural fr equencies of cross-stiffened laminated plate under different boundary conditions were calculated. The geometric parameters are: a = b = 254 mm, h= 12. 7 mm , dsx = dsy= 25.4 mm , bsx = b 8 y= 6.35 mm (Fig. 3) , where: d 8 x, bsx are depth and width of the x-direction stiffener; dsy , bsy are depth and width of the y-direction stiffener.
Graphite/epoxy properties: E1=144.8 GPa, E2=9.67 GPa, G12 = G 1 3=4.14 GPa, G23=3.45 GPa, v12=0.3, p=1389.23 kg/m 3 . From the Table 1 , we can see that the natural frequencies of a plate with ratio of a/ h=20 calculated by finite element method based on the first-order and higher-order displacement theory using nine-noded isoparametric element are in good agreement with the results published by other authors, especially, with [7] , in which Kumar, Mukhopadhyay used 6-noded triangular element and based on the first-order theory. The natural frequencies of the stiffened laminated composite plates modeled by HSDT are lower than that of one based on FSDT. Example 2. Effect of the locations of double stiffeners. Next, we consider the free vibration of parallel-stiffened laminated plate with two ystiffeners placed in difforent locations shown in Fig. 4 under clamped boundary conditions.
The geometric parameters and material properties are the same in example 1. The results are shown in the Table 2 . The frequencies in the Table 2 show that when the location of stiffeners becomes farther from the center line, the frequency of the lowest four modes goes up and down. Compared with others, the first frequency is biggest in case d/ap= 0.2 but the forth frequency is biggest in case d/ ap = 0.4. Consider the free vibration of parallel stiffened composite plates which have the same geometric parameters such as length, width, thickness and depth but they have different number of layers. The geometric parameters and rr..aterial properties are the same in example 2. The stiffeners are located at x = a/3 and x = 2a/'J.
Example 3. Effect of number of layers and orientation angle of fibers
It is seen from the Table 3 . that the frequencies of 4 layers plates are bigger than the frequencies of 2 layers plates in all case of boundary conditio-:-is.
Example 4-Effect of a/ h ratio
In this example, we consider the effect of a/h ratio on the natural frequencies. The geometric parameters and material properties of parallel stiffened plates are the same in example 3 with the ratio a/h=lO, 20 , 50 aqd 100. Structure is under the clamped boundary condition .
When the ratio a/h goes up, the frequencies of parallel stiffened plates goes down. Results are shown in the Table 4 . Fig. 6 shows the deflections at center line a.long to x-axis of the plates. I-"11=10 -tt-a/tF20 _.,._ "11=50 ---a/h=100 I Fig. 6 . Geflection of 2 parallel stiffened composite plates with different a/ h ratio From Table 4 and Fig. 6 , we can see that a/h ratio have a big influence on the frequencies and deflections of stiffened laminated composite plates. The .thin Jtiffened laminated composite plates have lower frequencies and bigger deflections than the thick ones and conversely. The proposed model can apply for both thick and thin stiffener stiffened laminated composite plc.tes.
CONCLUSION
In the present study, a finite element model based on higher-order displacement theory for analysis of the stiffened laminated composite plate has been proposed.
Some problems such as effect of location, effect of number of layers and fibers and effect of a/ h ratio on the natural frequencies and deflections of stiffened laminated composite plates have been investigated. The change of location , number of layers and a/ h ratio have influence on the natural frequencies and deflections of stiffened plates. Therefore, the number of layers, fiber orientation angle and location of the stiffener in stiffened plates should be selected properly to control the specific frequency and deflection.
